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The discovery of topological phases in con-
densed matter systems has changed the modern
conception of phases of matter [1, 2]. The global
nature of topological ordering makes these phases
robust and hence promising for applications [3].
However, the non-locality of this ordering makes
direct experimental studies an outstanding chal-
lenge, even in the simplest model topological sys-
tems, and interactions among the constituent par-
ticles adds to this challenge. Here we demon-
strate a novel dynamical method [4] to explore
topological phases in both interacting and non-
interacting systems, by employing the exquisite
control afforded by state-of-the-art superconduct-
ing quantum circuits. We utilize this method to
experimentally explore the well-known Haldane
model of topological phase transitions [5] by di-
rectly measuring the topological invariants of the
system. We construct the topological phase dia-
gram of this model and visualize the microscopic
evolution of states across the phase transition,
tasks whose experimental realizations have re-
mained elusive [6, 7]. Furthermore, we developed
a new qubit architecture [8, 9] that allows simul-
taneous control over every term in a two-qubit
Hamiltonian, with which we extend our studies
to an interacting Hamiltonian and discover the
emergence of an interaction-induced topological
phase. Our implementation, involving the mea-
surement of both global and local textures of
quantum systems, is close to the original idea
of quantum simulation as envisioned by R. Feyn-
man [10], where a controllable quantum system is
used to investigate otherwise inaccessible quan-
tum phenomena. This approach demonstrates
the potential of superconducting qubits for quan-
tum simulation [11, 12] and establishes a power-
ful platform for the study of topological phases in
quantum systems.
Since the first observations of topological ordering in
quantum Hall systems in the 1980s [1, 2], experimental
studies of topological phases have been primarily lim-
ited to indirect measurements. The non-local nature of
topological ordering renders local probes ineffective, and
when global probes, such as transport, are used, inter-
pretations [13] are required to infer topological properties
from the measurements. Topological phases are charac-
Figure 1. Dynamical measurement of Berry curvature
and Ch. In this schematic drawing, brown arrows represent
the ground states (adiabatic limit) for given points on a closed
manifold S (green enclosure) in the parameter space, and the
blue arrows are the measured states during a non-adiabatic
passage. According to (2), the Berry curvature B can be
calculated from the deviation from adiabaticity. Integrating
B over S gives the Chern number Ch, which corresponds to
the total number of degeneracies enclosed.
terized by topological invariants, such as the first Chern
number Ch , whose discrete jumps indicate transitions be-
tween different topologically ordered phases [14, 15]. For
a quantum system, Ch is defined as the integral over a
closed manifold S in the parameter space of the Hamil-
tonian as
Ch ≡ 1
2pi
∮
S
B · dS, (1)
where B is the Berry curvature [16–18]. As illustrated in
Fig. 1 and discussed in the supplement, B can be viewed
as an effective magnetic field with points of ground
state degeneracy acting as its sources, i.e. magnetic
monopoles [17, 19]. Using Gauss’s law for the Berry cur-
vature (magnetic field), Ch simply counts the number of
degenerate energy eigenvalues (magnetic monopoles) en-
closed by the parameter manifold S. Ch , which is invari-
ant under perturbations to the shape of S, is a topological
number that reflects a property of the manifold of states
as a whole and not a local property of parameter space.
In previous works, topological properties of highly
symmetric quantum systems have been measured [20–22].
However, since these earlier studies relied on interference
to evaluate the accumulated phase, these methods are
not readily generalizable. To circumvent this, Gritsev et
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2al. [4] proposed a general method to directly measure the
local Berry curvature. The underlying physics of their
idea is that motion in a curved space will be deflected
from a straight trajectory; in other words, curvature re-
veals itself as an effective force. For example, a charged
particle moving in a magnetic field experiences the well-
known Lorentz force. Similarly, Gritsev et al. showed
that in a region of the parameter space with Berry cur-
vature B, if we "move" a quantum system by changing a
parameter of its Hamiltonian with rate v, then the state
of the system feels a force F given by
F ∝ v ×B+O(v2). (2)
This force leads to deviations of the trajectory from the
adiabatic path which can be detected through measure-
ments of the observables in the quantum system (see
Fig. 1 and [17]). Therefore, as long as the ramping of pa-
rameters is done slowly, but not necessarily adiabatically,
the deviation is directly proportional to B. As the adia-
batic limit is generally hard to achieve, this relation has
the important advantage of needing only a moderately
slow change of state and only requires that the linear
term in (2) dominates the dynamics.
This dynamical method suggests a way to directly
measure B, from which Ch can be calculated using (1).
This provides an alternative means to study topologi-
cal phases, significantly different from conventional ap-
proaches. Admittedly, implementing this procedure re-
quires the ability to continually change the system Hamil-
tonian, which is difficult to do in most experimental situ-
ations. However, in a fully controllable quantum system,
this provides a powerful means to probe the topological
properties of the ground state manifold through dynami-
cal measurements. Here we demonstrate an implementa-
tion of this type of measurement using a quantum circuit
based on superconducting qubits [11, 12, 23].
We first demonstrate a basic implementation of the
dynamical method. The quantum state of a single su-
perconducting qubit [17, 24] is equivalent to a spin-1/2
particle in a magnetic field. Its Hamiltonian can be writ-
ten as
HS = −~
2
H · σ, (3)
where σ = (σx, σy, σz) are the Pauli matrices, and
H = (HX , HY , HZ) is analogous to a control magnetic
field. Full control over the parameters of this Hamilto-
nian is achieved by microwave pulses that controlHX and
HY , and an applied flux through the qubit’s SQUID loop
which controls HZ . To illustrate the dynamical method,
we measure Ch for a spherical ground state manifold in
H-parameter space (Fig. 2). We use θ and φ as spherical
coordinates and consider the parameter trajectory start-
ing at the north pole at t = 0 and ramps along the φ = 0
meridian (HY = 0) with constant velocity vθ = dθ/dt
until it reaches the south pole at t = Tf . To realize
Figure 2. Dynamical measurement of Ch. a. A
simultaneous microwave pulse HX(t) = Hr sin(pit/Tf ) and
detuning pulse HZ(t) = Hr cos(pit/Tf ) are applied to con-
struct a parameter space trajectory. The pulse sequence re-
sults in a parameter space motion along the φ = 0 meridian
(HY = 0plane) on S. b. The state of the qubit during this
ramp (Hr/2pi = 10 MHz and Tf = 600ns) is determined us-
ing tomography [17], and shown (blue dots) on the surface of
the Bloch sphere.
motion on a spherical manifold, the control sequences of
HZ and HX are chosen such that the control magnitude
|H| = Hr is constant [17]. In the adiabatic limit, the
wavefunction would remain in the instantaneous ground
state of HS , with the Bloch vector parallel to the direc-
tion of the control field, following the meridian. Instead,
for non-adiabatic ramps, a deviation from the meridian
is observed, as shown in Fig. 2(b). Here the Bloch vec-
tor is measured at each point in time by interrupting
the ramp and performing state tomography. Note that
this deviation is not due to noise, but rather is the ex-
pected non-adiabatic response [17]. For this trajectory,
the force F takes the form fφ = ~2Hr 〈σy〉 sin θ, where〈σy〉 is the expectation value of σy. Integrating over the
resulting deflection (shaded light red in Fig. 2(b)) gives
Ch = 1 ± 0.05. Note that given the symmetry of the
Hamiltonian, a line integral is sufficient for measuring the
surface integral of Ch (see (1)) [17, 25]. A value of unity
is expected, as the qubit ground state has a single degen-
eracy at H = 0, corresponding to an effective monopole,
the enclosing parameter sphere S should yield Ch = 1. In
the supplement we demonstrate the robustness of Ch by
deforming the surface manifold S and discuss the sources
of error,[26].
Using our controllable quantum circuit, we can explore
what is perhaps the simplest model of topological behav-
ior in condensed matter, the Haldane model [5, 17]. This
model serves as a foundation for other topological insu-
lator models [27–29], yet its experimental realization has
remained elusive [6, 7]. To show that the quantum Hall
effect could be achieved without a global magnetic field,
Haldane introduced a non-interacting Hamiltonian on a
3Figure 3. Dynamic measurement of the topological
phase diagram and adiabatic visualization of phases.
a. Dynamical determination of the phase diagram. first 〈σy〉
was measured during ramps similar to those in Fig 2(a), and
then Ch was calculated. The dashed line is the expected phase
boundary at H0 = Hr. b,c. With adiabatic state prepara-
tion, the state of the qubit was prepared and measured over a
grid on the surface of the parameter sphere and then mapped
to the hexagonal momentum-space plane. The ground states
are presented as Bloch vectors, whose colors indicate their
〈σz〉 values. H0/Hr = 1.2 for b and H0/Hr = 0 for c. The
gray lines show the FBZ of the honeycomb lattice and high
symmetry points K and K′ are marked. d. The measured Ch
from the adiabatic and dynamical (white arrow in a) methods
are plotted vs. H0/Hr.
honeycomb lattice [5] given by
HG(kx, ky) = ~vF (kxσx + kyσy) + (m0 −mt)σz, (4)
where vF is the Fermi velocity,m0 is the effective mass,
and mt corresponds to a second-neighbor hopping in a
local magnetic field. The key prediction of the Haldane
model is that ifm0/mt > 1 the system is in a trivial insu-
lating phase, and otherwise in a topological phase, where
edge states and quantized conductance appear. Using a
confocal mapping [17] one can recast Eq. (4) into the
single-qubit Hamiltonian (3). If we consider spherical
manifolds S of radius Hr displaced from the origin in
the z direction by H0 , then H0/Hr in the qubit system
plays the same role as m0/mt in the Haldane model. In
Fig. 3(a) we plot the results of this measurement, showing
Ch as a function of Hr and H0, which shows plateaus at
values 0 and 1 separated by a phase transition boundary
line at Hr = H0. This transition can be easily under-
stood: when H0 < Hr the degeneracy at H = 0 lies
within the sphere giving Ch = 1, whereas for H0 > Hr it
lies outside the sphere giving Ch = 0.
The nature of the topological and trivial phases can
be further revealed by probing their microscopic struc-
ture with a conventional adiabatic method. According
to Haldane, each phase has its own signature spin tex-
ture in momentum space. We again consider spherical
surfaces S and adiabatically ramp the control parame-
ters to their final values on S. The resulting Bloch vec-
tors are then tomographically measured [17], and ideally
point in the same direction as the final H. With a con-
focal mapping (see [17]), S can be mapped to the first
Brillouin zone (FBZ) of the honeycomb lattice. There-
fore, the adiabatically measured ground state vectors on
S can be depicted in the FBZ. Fig. 3(b) and (c) show
the results for two manifolds with H0/Hr = 1.2 and 0,
corresponding to trivial and topological phases, respec-
tively. By following the orientation of the state-vector
along any path starting at K and moving to K′ (cor-
ners of the FBZ) and back to K one can see that in the
topological case the state vector makes one full rotation,
while in the trivial case and only tilts away from vertical
and then returns, without completing a rotation. These
spin texture maps can be used to extract local Berry cur-
vature [17]. As shown in Fig. 3(c), the resulting Ch from
this adiabatic method shows good agreement with the
dynamical method of measurement.
Moving beyond the realm of non-interacting systems,
we now study the topological phase diagram for an in-
teracting Hamiltonian, obtained by measuring Ch in a
coupled two-qubit system. The intriguing physics of the
topological properties of this kind of interacting system
has to date been mostly unexplored, due to experimental
challenges. One significant source of challenge is that one
needs full control over the entire parameter space, includ-
ing over any coupling terms in the Hamiltonian. Here we
achieve this kind of full control by using a new design for
our superconductong qubit, which includes the ability to
continuously vary the inter-qubit coupling strength g (we
term this new type of qubit the "gmon" [8, 9]).
The Hamiltonian of this system is given by
H2Q = −~
2
[H0σ
z
1 +H1 ·σ1+H2 ·σ2− g(σx1σx2 + σy1σy2 )],
(5)
where 1 and 2 refer to qubit 1 (Q1) and qubit 2 (Q2)
4Figure 4. Topological phase diagram of an interacting system. a. The position of the monopoles in H -space for
the points A through F shown in panel c, with a spherical manifold of radius Hr/2pi = 10MHz. b,c. The topological phase
diagram of Eq. (5). In panel b, Ch was measured for two fixed g/2pi values of 0 and 4 MHz. In panel c, Ch was measured for
fixed Hr/2pi =10MHz. Dashed lines are topological transitions calculated analytically. d. The analytically calculated phase
diagram showing three distinct Ch volumes and the separatrix plane. The phase diagram cuts in b, c are indicated by colored
slices.
respectively, and the biasing field H0 is now only applied
to Q1.There are equivalent condensed matter systems to
which this system can be mapped, as with the Haldane
model, as discussed in [17].However, in the absence of any
experimental realization of these models, our experiment
is perhaps closer to Feynman’s original idea of quantum
simulation [10], where a controllable quantum system is
used to investigate otherwise inaccessible quantum phe-
nomena.
Using the tunable inter-qubit coupling, we can ac-
cess all regions of the 7-dimensional parameter space of
our Hamiltonian. Here we explore spherical manifolds
with fixed (H0, |H1|, |H2|, g), analogous to the single
qubit experiment.We perform experiments where both
H1 = H2 = Hr are ramped simultaneously with magni-
tude |Hr| = Hr, while H0 and g are zero except during
the time t = 0 to Tf , as illustrated in the supplement [17].
The measured Ch is shown in Fig. 4(b) and (c) for three
distinct cuts though this parameter space, as shown by
colored rectangles in Fig. 4(d). For g = 0 [panel (b)], the
two qubits behave independently and the physics is the
same as for the single qubit case. Since only Q1 is subject
to H0, Ch changes by 1 through the transition H0 = Hr.
A new phase with Ch = 0 emerges when the coupling g
is large. In Fig. 4(b) for g/2pi = 4MHz, the Ch = 0 phase
(blue) is seen at small Hr when Hr . g. In Fig. 4(c) this
phase also appears when g & Hr, showing that the transi-
tion is interaction-driven and appears when the coupling
g becomes dominant. Because (5) is not SU(2) symmet-
ric, the results do not simply reflect the total spin of the
system. However, an intuitive understanding of these
phases and transitions can be attained in certain limits:
at large Hr, the spins align paramagnetically with the
field and add up to give Ch = 2. At large g, the spins
form an entangled singlet which does not respond to the
applied field, giving Ch = 0. Away from these limiting
cases, these simple arguments are not applicable, but Ch
remains quantized.
Analytic solutions predicting the phase diagram can
be obtained by calculating when points with degenerate
ground states cross the spherical manifold [17]. These
phase boundaries are depicted in Fig. 4(d) and show three
distinct regions. As discussed above, the region where
g dominates (blue) has Ch = 0, while where Hr domi-
nates (red) Ch = 2. There is a direct 0 to 2 transition
when H0 = 0, but at finite values the system first goes
5through the green Ch = 1 region. This latter behavior
is seen in Fig. 4(c). The dashed lines in panels (b) and
(c) are from this analytic solution, which uses no free
parameters, and are in good agreement with the mea-
surements. The deviations are mainly systematic errors,
due to crosstalk between simultaneous control pulses. As
shown in Fig. 4(a), the points of ground state degeneracy
are located on the z-axis of theHr-space [17]. Sub-figures
A, B and C correspond to the dots on Fig. 4(c), where
g is small. In this limit, H0 affects the energy of only
one qubit, and increasing it moves only one monopole
past the surface (C). For D, E, and F where instead H0
is small, increasing g furthers the monopole separation,
eventually moving both monopoles outside the surface
(F).
An important benefit of working with a fully control-
lable Hamiltonian, as here, is that a number of differ-
ent condensed matter systems can be mapped onto this
model system. For our 2-qubit system, we show [17] that
the system can be mapped to either an interacting model,
or alternatively a 4-band non-interacting electron model
that is a non-trivial extension of the two-band Haldane
model. In general, with n qubits one can study topolog-
ical phases in non-interacting 2n-band models, an other-
wise daunting experimental task. Perhaps more interest-
ing will be to use qubit systems to study the topological
phases of interacting spin-1/2 systems, where tantalizing
evidence for fractionalization has been found [30].
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3Figure S1. Device architecture. (a) Optical image of the device showing two coupled gmon transmons on the top half
of the chip and the two coupled gmons used in this work on the lower half (zoomed-in view in inset). (b) The layout of the
two-qubit gmon system. We supply bias currents using the lower blue lines to tune the inductance of the coupler junction
(middle) and the qubit frequencies (left, right). We apply microwave pulses to each qubit via the gray trace. We read out the
state of the qubits dispersively via readout resonators: each qubit is capacitively coupled to a resonator (green lines; meandered
lines in inset of (a)).
1. THE GMON QUBITS
1.1. The gmon coupling architecture
In this work we implemented an adjustable inductive coupling between two qubits. Adjustable coupling has typically
been difficult with superconducting qubits, as fixed capacitive coupling may only be modified by detuning, so it has
the problems of limited on/off range and crosstalk. Here we use a novel qubit design called the gmon, which allows
a continuous variation of the inter-qubit coupling strength g over nanosecond time scales without any degradation in
the coherence of the constituent Xmon qubits [1, 2]. The adjustable inductive coupling between the transmons allows
g/2pi to be varied between −5 MHz and 55 MHz, including zero, without changing the bare qubit frequencies. The
device was fabricated using standard optical and e-beam lithography techniques, discussed in recent works of our
group such as [3]. The experiment was performed at the base temperature of a dilution fridge (∼20 mK).
1.2. Basic design principle of the gmon
As shown in Fig. S1, the gmon design is based on the Xmon qubit design. One important feature of the Xmon
design [4] is the single-ended ground in contrast to differential or floating grounds. In the absence of adjustable
coupling, the SQUID loops (Fig. S1(b)) would be directly connected to the ground plane. This design feature gives
us the ability to capacitively couple qubits with elements such as the drive lines, the readout resonators, and nearby
qubits. In the gmon architecture, instead of immediately terminating the qubit SQUID to ground, we add a linear
inductor (the meandering CPW element colored in purple and labeled "tapping inductance") between the SQUID
and ground(CPW stands for coplanar waveguides). This creates a node (where the purple CPW meets the horizontal
blue CPW) that allows us to couple the two qubits. The two qubits then can be connected with a CPW line. This
connecting line is interrupted with a Josephson junction, which acts as a tunable inductor that can be used to tune
the inter-qubit coupling strength g, hence the name gmon.
The basic operation of the gmon can be understood from a simple linear circuit model. An excitation created in Q1
will mostly flow to ground through its tapping inductance, but a small fraction will flow to the tapping inductance of
Q2, generating a flux in Q2. The mutual inductance resulting from the flux in Q2 due to an excitation current in Q1
can be calculated from simple current division, and the coupling strength is proportional to this mutual inductance
to high accuracy [1, 2]. The current division ratio, which sets the coupling strength g, can be varied by changing the
superconducting phase difference across the tunable inductance. This is done by flux biasing its junction, using the
current line labeled "coupler tuning" in panel (b).
An important advantage of this architecture is that it prevents crosstalk, a serious hurdle for many other experi-
4mental works. Coupling the qubits at the nodes between the SQUID and the tapping inductance allows a DC current
to set the coupling strength. Because of the open loop of each qubit (due to capacitance) this DC current cannot flow
to the SQUID and change the qubit frequencies. Thus, the two capacitors act as DC blocks. This key ingredient of
the gmon design minimizes the crosstalk between the qubits and the coupler.
1.3. Coherence of the gmon
One major concern of the coupler circuit is degradation of the qubit coherence. The gmon architecture required
adding CPW lines to connect qubits, ground plane cross-overs which involve dielectrics, and a tunable inductance. If
the capacitive loss due to these elements are not properly considered, the coherence of the system could be substantially
degraded. With the gmon design, the fraction of the qubit energy stored in these coupling elements scales as the
square of the ratio of the tapping inductance to the qubit SQUID inductance, which is 1/2000. Therefore these
elements do not affect the qubit coherence [2]. Furthermore, to avoid inductive loss, we used a relatively small mutual
coupling of around 1 pH to the coupler tuning line. This coupling places an upper bound of 200µs on the energy
relaxation time T1. The average measured T1 for our device was around 10µs, independent of the coupling strength.
This is comparable to the performance of Xmon qubits with the same geometry and material. As demonstrated with
Xmon qubits [3], the coherence can be improved by widening the capacitor and using MBE-grown aluminum films.
2. MAPPING THE SINGLE-QUBIT HAMILTONIAN TO THE HALDANE MODEL AND ADIABATIC
MEASUREMENT OF THE CHERN NUMBER
2.1. Haldane model
To show that the quantum Hall effect could be achieved without a global magnetic field, Haldane introduced a
non-interacting Hamiltonian[5], which served as the cornerstone of future topological band studies. He introduced a
massive Dirac Hamiltonian with different mass terms at the two non-equivalent corners of the Brillouin zone K,K′.
Near these points the Hamiltonian is given by
H±G(k±x , k±y ) = ~vF (k±x σx ± k±y σy) + (m0 ∓mt)σz, (1)
where vF is Fermi velocity, and k+x (k−x ), k+y (k−y ) are measured from two non-equivalent corners of the Brillion zone
K(K′). m0 is the mass associated with inversion symmetry breaking, and mt corresponds to a second-neighbor
hopping in a local magnetic field. The key prediction of the Haldane model is that if m0/mt > 1 the system is in a
trivial insulating phase, and otherwise in a topological phase, where edge states and quantized conductance appear.
Using a confocal mapping, discussed below, one can recast Eq. (1) into the single qubit Hamiltonian of the main
text (eqn. (3)). For convenience we re-parameterize that equation in terms of a field H0 along the z-axis, and a radial
field Hr with orientation given by θ, φ, such that H = (Hr sin θ cosφ,Hr sin θ sinφ,H0 −Hr cos θ). Then, for θ values
close to 0 and pi the single qubit Hamiltonian becomes
H±S (H0, Hr, θ, φ) = −
~
2
(Hr(sin(θ) cos(φ)σ
x + sin(θ) sin(φ)σy) + (H0±Hr)σz). (2)
By comparing H+S (H
−
S ) to H
+
G (H
−
G ), it becomes evident that H0/Hr in the qubit system plays the same role as
m0/mt in the Haldane model. The fact that the topological phase transition occurs at H0/Hr=1 is consistent with
the Haldane model, where the transition takes place at m0/mt=1. Similar to the Haldane model, where kx and ky
span a manifold of states in the Brillouin zone, θ and φ span a manifold in the parameter space of the qubit system.
With this mapping, the two distinct phases observed in Fig. 3(a) of the main text correspond to the topological and
trivial phases in the Haldane model.
5Figure S2. Experimental visualization of the topological phases and their evolution across the transition.
(a) In the Haldane model of graphene, in addition to the nearest neighbor hopping (t1), a second neighbor hopping (t2) is
also considered with a variable phase φ controlled by the locally-varying flux through the plaquette, as well as a sublattice
"mass" m0 corresponding to a difference in chemical potentials between the sublattices. This system is topologically trivial
if |m0| > |mt = 3
√
3t2 sinφ| and non-trivial otherwise. (b) A color-assisted representation of the mapping from a sphere
parameterized by H0, Hr, θ, φ to the hexagonal Brillouin zone of graphene. b. With adiabatic state preparation, the state
of the qubit was prepared and measured over a grid on the surface of the parameter space spheres. Selected adiabatic Bloch
sphere vectors are shown for H0/Hr = 0 and 1.2. (d)With adiabatic state preparation, the state of the qubit was prepared and
measured along the φ = 0meridian for various H0/Hr values. The Bloch sphere states are presented with arrows whose colors
indicate their 〈σz〉 values. The topological and trivial phase each has its own signature textures. By following the orientation of
the state-vector along any path starting from K to K′ and back to K one can see that in the topological case the state-vector
fully winds around; however, for the trivial phase it only tilts away from the north pole of the Bloch sphere and comes back
without winding around.
2.2. Adiabatic measurement, confocal mapping, and direct measurement of the Chern number
To visualize how the qubit and Haldane model are topologically related, we now explicitly construct a mapping
between the single qubit parameter space and momentum space in the Haldane model. We use this to map the qubit
Bloch vector measured by adiabatic state preparation to the first Brillouin zone of graphene and then compute its
Chern number, thus completing the analogy with the Haldane model. By using a confocal mapping, the parameter
space points can be mapped to the hexagonal Brillouin zone of the honeycomb lattice of graphene (from H -space to
k-space). The mapping places the points on the northern part of the spherical manifold of radius unity around the K
point of the Brillouin zone and the southern hemisphere points around the K′ point. For the northern hemisphere
ρ = r(φ) tan
θ
2
ϕ = φ (3)
6where θ and φ are the spherical coordinates of the northern hemisphere of the sphere in the parameter space, ρ and
ϕ are the polar coordinates of the mapped circle, and r is given by
r(φ) =
b sin(pi/6)
sin(5pi/6− φ) for 0 ≤ φ < 2pi/3
=
b sin(pi/6)
cosφ
for 2pi/3 ≤ φ < 4pi/3
=
b sin(pi/6)
sin(φ− 7pi/6) for 4pi/3 ≤ φ < 2pi, (4)
where b = |K−K′|. The mapping of the southern hemisphere takes a similar form. This mapping is illustrated in Fig.
S2(b), and covers only one third of the first Brillouin zone (FBZ). To cover the entire FBZ, the mapping was repeated
three times. As the colors in Fig. S2(b) show, the north pole in the parameter space maps to three equivalent K
points at the corners of FBZ and the south pole to the three K′ points. With the mapping principle explained, now
we can "move" the ground states that are measured adiabatically on the spherical surfaces in the parameter space
and place them in the FBZ of the honeycomb lattice. Fig. S2(c) and (d) show the results for H0/Hr = 1.2, and 0,
corresponding to trivial and topological phases, respectively.
Knowing the ground state of the system for each kx and ky point in the FBZ, Ch can be calculated directly from
Ch = 1
4pi
∫
B.Z
σ(k) ·
[
∂σ(k)
∂kx
× ∂σ(k)
∂ky
]
d2k. (5)
Using this relation Ch numbers shown in Fig. 3(d) of the main text as well as the ones on panels (c) and (d) of Fig.
S2 are calculated. While without any mapping, Ch could be calculated by modifying (5) to make it appropriate for
spherical coordinates, mapping from the sphere to a 2D plane allowed us to use (5) directly. It is interesting to note
that due to the topological nature of the phases, the details of the mapping do not matter, and other mappings could
have worked as well.
2.3. Discussion
We note that the Haldane model consists of a half filled lattice of non-interacting spins, while we constructed a
manifold of ground states by measuring the qubit over a closed surface. This difference is resolved by considering a
mapping of the ground state manifold to the valence band of graphene, while the excited state manifold maps to the
conduction band. Therefore, by probing the entire parameter manifold of the qubit ground state, we are probing the
entire valence band. This distinction is why Ch of the electronic system can be measured with a single measurement,
since all of the electronic states at different momenta are filled and hence probed simultaneously. On the other hand,
the qubit can be measured only at a single point of the qubit system’s parameter space at a given time, which is why
all the parameter angles must be probed separately and integrated to give Ch .
73. LOCI OF MONOPOLE SINGULARITIES FOR THE TWO-QUBIT SYSTEM
We have used the electromangetic analogy extensively in the main text to plot the (theoretical) locations of the
magnetic monopoles in parameter space; we now show how one can identify their locations. We begin by pointing out
that the magnetic monopole density can also be written as ρm = 12pi∇ · (∇×A), a seeming contradiction given that
the divergence of a curl is known to be zero! The resolution to this seeming contradiction is that ∇· (∇×A) is indeed
zero whenever the function A is smooth. However, near ground state degeneracies one cannot pick a smooth choice
of gauge (even locally), since the ground state undergoes a sharp change. Therefore ρm is allowed to be non-zero if
and only if the ground state is degenerate. Thus, one can reduce the problem of finding the magnetic charge density
to the simpler one of locating the ground state degeneracies.
For general two qubit Hamiltonians, degeneracies can be readily located numerically using conventional techniques
to minimize the ground state energy gap. However, for the specific case of our cylindrically symmetric two-qubit
Hamiltonian, we can solve the problem analytically. As a reminder, the Hamiltonian of interest is
H = −1
2
[Hrnˆ(θ, φ) · (σ1 + σ2) +H0σz1 + g(σx1σx2 + σy1σy2 )] . (6)
This Hamiltonian has U(1) invariance, meaning that the Hamiltonian at φ = 0 can be mapped to arbitrary φ using
H(θ, φ) = eiφσztot/2H(θ, 0)e−iφσztot/2 , (7)
where σztot = σz1 +σz2 . While this invariance is computationally useful, it does not lead to any additional conservation
laws, so on general grounds one does not expect to find degeneracies of our Hamiltonian (a 4 × 4 matrix) in the
absence of symmetry. However, at θ = 0 and pi, the U(1) invariance becomes a U(1) symmetry, σztot is a conserved
quantity, and this enables ground state degeneracies.
The values θ = 0 and pi lie along the z-axis, so we reparameterize the Hamiltonian along this axis as
H = −1
2
[Hz(σ
z
1 + σ
z
2) +H0σ
z
1 + g(σ
x
1σ
x
2 + σ
y
1σ
y
2 )] . (8)
Since total spin along the z axis is now conserved, there are two obvious eigenstates: with energies E↑↑/↓↓ = ±(Hz +
H0/2). Within the sztot = 0 sector, the Hamiltonian reduces to
H↑↓ = −1
2
(
H0 2g
2g −H0
)
, (9)
which has eigenenergies E↑↓ = ±
√
H20/4 + g
2.
The ground state energy levels of these two sectors are degenerate when |Hz + H0/2| =
√
H20/4 + g
2, from which
we find
Hdegz =
−H0 ±
√
H20 + 4g
2
2
. (10)
Having located these degeneracies, we can identify their magnetic monopole charges as Qm = 1 based on the jump
Ch that we find (experimentally and theoretically) at the topological transitions.
This U(1) symmetry at the poles was useful for our analysis, but it is not likely to exist for more complicated cases
in which the Hamiltonians are not quite so exquisitely tunable. Therefore, by our above logic, we might argue that
the degeneracies should go away if there are no longer any symmetries protecting them. However, our topological
properties are robust against any perturbation, so despite the loss of symmetry, the degeneracies may drift around,
but they do not disappear! This is a situation in which the degeneracies are protected not by a global symmetry, but
rather by an emergent topological protection [6]. Breaking the U(1) invariance of the model – for example by adding
a σx1 term to the Hamiltonian – would disrupt the measurement. In our case, such a symmetry-breaking term does
not present any fundamental challenges. It would simply add φ dependence to the Berry curvature, now requiring
data to be taken for ramps of θ at multiple values of φ to allow integration over this direction as well. While it is
certainly more time consuming to take this extra data, fundamentally it is no more difficult.
84. HITCHHIKER’S GUIDE TO THE CHERN NUMBER AND BERRY CURVATURE
In the main paper, we defined Ch in terms of something called the “Berry curvature,” which may have seemed
mysterious. Here, we introduce the concept of Berry curvature in the context of the more familiar Berry phase
studied in adiabatic quantum mechanics. This will allow us to understand both the geometric and “electromagnetic”
interpretations of Berry physics in an intuitive but quantitative way, which will in turn lead to the topological
interpretation used in the main paper of Ch as a count of the number of degeneracies enclosed by a ground state
manifold. We note that our pedagogical treatment of degeneracies as sources of a curvature field largely follows the
original exposition of the Berry phase and curvature by M. V. Berry [7].
4.1 Berry connection, phase, curvature and all that
4.1.1 Berry connection and phase
Suppose we have a Hamiltonian that depends on a set of external parameters, which we describe by the parameter
space vector R, with corresponding ground states |ψ0(R)〉; i.e., H(R) |ψ0(R)〉 = E0 |ψ0(R)〉. An example would be
the three-dimensional (3D) parameter space associated with a single-qubit Hamiltonian in a rotating frame, H(R) =
−~2 (HXσx + HY σy + HZσz), with R = (HX , HY , HZ). Alternatively, if we take the rotating field in spherical
coordinates, the natural parameters are magnitude Hr ≡ |Hr| and angles θ and φ (as in the main text). The Berry
connection (from which the Berry curvature is defined) associated with the ground state manifold is then
A = i 〈ψ0|∇R|ψ0〉 , (11)
which when integrated around a closed path C in parameter space yields the celebrated geometric Berry phase
associated with that path [7, 8]
γ(C) =
∮
C
A · dR. (12)
This fact can be derived from the Schrödinger evolution of a quantum state as C is traversed in parameter space in
the adiabatic limit, and is independent of whatever dynamical phase is accumulated throughout the closed trajectory.
However, it is not necessary to understand the phenomena of Berry phase from the perspective of the time-evolution
of adiabatic systems – one can simply view it as a consequence of the geometry of an eigenstate manifold, which will
soon become apparent in our discussion.
4.1.2 Geometric interpretation of Berry connection
The Berry connection A is an interesting construct because the meaning of the expression ∇R |ψ0〉 is ambiguous
when only H(R) is given: unlike the coordinates X of real space, where a state |ψ〉 can be expanded as a wavefunction
of spatial coordinates and ∇X is a natural operator on these wavefunctions, here it is instead the Hamiltonian itself
that is a function of the parameter space coordinates R. A manifold of ground states can be associated with a
manifold in parameter space via the defining eigenvalue condition H(R) |ψ0(R)〉 = E0(R) |ψ0(R)〉; however, although
the states |ψ0(R)〉 all live in the same Hilbert space, this eigenvalue condition does not tell us the phase of |ψ0(R)〉
at different R. In other words, we must specify what is essentially a choice of gauge when it comes to relative phase
relations, and since this choice can be made arbitrarily, we cannot expect it to have any intrinsic physical meaning.
Once a choice is made for these phases however, the name “connection” for A signifies that A encodes a way to
equate (or “connect”) ground state vectors at two nearby points R and R+ dR in parameter space, analogous to the
differential geometric notion of parallel transport of tangent vectors along a manifold [9].
4.1.3 Berry connection as a vector potential: deriving an observable field
In light of its dependence on ∇R, A is therefore gauge-dependent. The remarkable fact however, as realized by
Berry, is that its integral around a loop is actually gauge-independent (modulo 2pi), and can therefore be measured.
This is easily seen: suppose we change our definition of |ψ0(R)〉 by an arbitrary local phase factor, |ψ0(R)〉 →
9eiΓ(R) |ψ0(R)〉. Then by equation (11), A(R) is modified by the addition of the term −∇RΓ(R), which integrates
to zero around a closed path. The observant reader will notice that this takes the same form as the change of the
magnetic vector potential under a gauge transformation. Recalling that the magnetic field is a gauge-invariant (i.e.,
directly measurable) quantity derivable from the magnetic vector potential, this motivates us to follow our experience
with classical electromagnetism and define the analogue of the magnetic field, B ≡ ∇ × A. This will allow us to
rewrite the integral (12) defining the Berry phase in terms of an observable integrand B. We will see that this “Berry
field” has the interpretation of intrinsic curvature of the ground state manifold. In addition, this endeavor will expose
some interesting physics, including the main topic of our work: topological transitions (jumps in Ch) associated with
degeneracy points.
Continuing the analogy, where for simplicity we consider a 3D parameter space, we obtain the Berry field from the
Berry connection:
B(R) ≡ ∇R ×A(R). (13)
The Berry curvature field B is the vector form of what is known as the Berry curvature tensor, defined for general
dimensionality and coordinate parametrizations by the antisymmetric tensor B ≡ ∂µAν − ∂νAµ generalizing the curl:
B =
 Bxx Bxy BxzByx Byy Byz
Bzx Bzy Bzz
 =
 0 Bz −By−Bz 0 Bx
By −Bx 0
 ; (14)
that is, B = (Bx, By, Bz) = (Byz,Bzx,Bxy). In our case, for short we will simply call B the Berry curvature.
4.1.4 Geometric interpretation of the Berry curvature field
The Berry phase associated with a closed path can now be calculated from (12) using Stokes’ theorem by integrating
the Berry curvature over a bounding surface,
γ(C) =
∫∫
S
B(R) · dS, (15)
where S is a surface manifold in parameter space whose boundary is C. This is the direct analogue of a charged
particle acquiring an Aharanov-Bohm phase when its path encloses a magnetic flux. However, the Berry curvature is
a local geometric property, and for 2D manifolds can be physically measured through equation (2) of the main text.
Intuitively, the Berry curvature at R is equal to the ratio of the geometric phase accumulated over a loop surrounding
R to the parameter space area enclosed by that loop, in the limit that the size of the loop goes to zero; in other
words, it locally measures the noncommutativity of parallel transport, which manifests itself as a local “twisting and
turning” of the state vector in parameter space via the accumulation of Berry phase. This is analagous to the fact
that carrying a tangent vector on a geodesic triangle on the surface of a sphere causes the tangent vector to change
direction when the triangular path returns to its starting point, even though locally the vector is always transported
in a parallel fashion. The analogue of the Lorentz force [equation (2) of the main text] for the “magnetic field” B is
related to this geometry-induced “deflection.”
4.1.5 From local to global properties: the Chern number Ch
One of the main points of this work is that through the analogy to electromagnetism, we can understand how
to relate these geometric properties to topological properties of the ground state manifold as a whole. The natural
question is then what generates the field B – is it the current of “charged particles,” or an analogue to the magnetic
monopole? Consideration of this question leads us to a Gauss’s law interpretation of Ch , whose definition we repeat
here [equation (1) of the main text]:
Ch({|ψ0〉}) ≡ 1
2pi
∮
S
B · dS. (16)
This is an integral of B over a closed (meaning no boundary curve C) ground state manifold in parameter space, and
gives nonlocal information about this manifold in the form of a discrete integer through the Chern theorem [10]. To
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deduce the quantization of Ch , we will use an argument similar to Dirac’s argument [11] showing that the magnetic
monopole charge is quantized. After that, we will explicitly relate this quantized value to the number of enclosed
“magnetic monopoles” in parameter space. As usual, we restrict ourselves to 2D surfaces in a 3D parameter space.
The astute reader may wonder, given the definition of B = ∇×A, why Ch is not simply zero – after all, a simple
application of Stokes’ theorem shows that the integral of the curl of a function over any closed surface must vanish:
imagine forming an arbitrary closed path C on the surface manifold S, and let S1 and S2 be the two surfaces into
which C divides S. Taking into account the relative orientation of the two surfaces we then have
Ch = 1
2pi
(∫
S1
B · dS−
∫
S2
B · dS
)
. (17)
A naive application of Stokes’ theorem would say that each term is equal to the line integral of A around the same
path, but with opposite signs, leading to Ch = 0. However, this assumes that a single Berry connection (i.e., vector
potential) can be defined over the entire manifold with some sufficient smoothness condition. Since Stokes’ theorem
can be intuitively understood by dividing the surface of integration into infinitely many infinitesimal circulation
integrals of A and noting that neighboring circulations cancel everywhere except along the surface boundary C, if
there is a singularity in A then Stokes’ theorem will break down. It then becomes a topological constraint on any
vector potential covering S that there must be a singularity in A somewhere on the surface, which allows for the
possibility of non-zero Ch . The interesting fact is that the location of this singularity depends on the choice of vector
potential (i.e., is gauge-dependent), but its existence does not depend on the choice of gauge. We note that a similar
argument with what is now known as the Aharanov-Bohm phase associated with a physical magnetic field leads to
Dirac’s quantization condition for real magnetic monopoles [11].
However, there is still a constraint on the possible values of Ch . Looking again at equation (17), since the geometric
phase (12) accumulated by traversing C is physically observable (modulo 2pi), using Stokes’ theorem for each surface
with its own vector potential it must be the case that the flux of B through S1 differs from the flux of B through S2
by a factor of 2piN , where N = Ch is an integer.
Ch , which is a property of the entire ground state manifold and cannot be probed locally, is therefore an example of
a discrete topological invariant. In particular, Ch is robust to perturbations to the parameter space manifold, and it
is reasonable to expect that it can only undergo transitions between different quantized values when there is singular
behavior on the surface S. In the next section, we will see that in our experiment, these singularities are precisely
the locations of ground state degeneracy in the Hamiltonian, and will show that when the degeneracies considered
are two-fold, N is in fact precisely equal to the number of two-fold degeneracies enclosed by the surface.
4.2 Topological interpretation of Ch in terms of enclosed degeneracies
What determines this mysterious integer N , and how can we observe it? The concept of Ch as a topological
invariant is reminiscent of the Gauss-Bonnet theorem from differential geometry, which relates the integral of the
Gaussian curvature over a closed surface to its topological genus. In the case of the Gauss-Bonnet theorem, the
topological genus is equal to the number of “holes” it has, for example, 0 for a sphere and 1 for a torus (a “donut”).
Just as the number of “holes” of a torus cannot be determined by local probing, Ch is a global, “topological” property of
a ground state manifold. To understand what determines topological transitions between its different integral values,
we must consider that there are other energy levels above the ground state energy level E0, and include the possibility
of degeneracies where for example E0(R) = E1(R). In 4.2.1 we will see that degeneracies behave analogously to
magnetic monopoles as the “sources” for B and, through the familiar Gauss’s law, see in 4.2.2 that for well-behaved
two-fold degeneracies Ch simply counts the number of degeneracies enclosed by the manifold.
4.2.1 Degeneracy as a source of Berry curvature
In this work, measurements are made of the ground state manifold |ψ0(R)〉, but states of higher energy must be
considered to understand the important role of degeneracy points in topological transitions. Namely, let |ψn(R)〉
denote the eigenstate corresponding to the nth energy level. To relate Berry curvature to degeneracy, we first use
the fact that the curl of a gradient is zero along with the definitions of A and B [equations (11) and (13)] to write
B = i [∇R 〈ψ0|] × [∇R |ψ0〉]. We can then use the common trick of inserting the identity, expanded in terms of
the energy eigenstates |ψn(R)〉, in between the bra and the ket: B(R) = i
∑
n 6=0 [∇R 〈ψ0|] |ψn〉 × 〈ψn| [∇R |ψ0〉],
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where we have excluded the n = 0 term because it vanishes (this is easily seen as a consequence of normalization,
〈ψ0|ψ0〉 = 1). We can replace 〈ψn| [∇R |ψ0〉] with the equivalent expression 〈ψn| [∇RH] |ψ0〉 /(E0−En) for n 6= 0 (this
is a straightforward consequence of differentiating the defining eigenvalue equation H(R) |ψn(R)〉 = En(R) |ψn(R)〉
with respect to R and rearranging terms), arriving at the equation
B(R) = i
∑
n 6=0
〈ψ0| [∇RH] |ψn〉 × 〈ψn| [∇RH] |ψ0〉
(En − E0)2 . (18)
From this, we can see that degeneracies (where En = E0) can act as sources for the Berry curvature field B. This also
explicitly shows that B can be written without using phase-ambiguous derivatives ∇R |ψ0〉 of kets with respect to R
[as in the definition of A(R)], but instead in terms of more natural derivatives ∇RH of H with respect to R, meaning
that it does not matter what phase we assign to eigenstates corresponding to different R. Furthermore, we see that
under certain assumptions about the behavior of H and En near degeneracy, the singularities in Berry curvature are
precisely the points of degeneracy. We also note that equation (18) relates the Berry curvature to the generalized force
operator −∇RH, which connects this discussion to formula (2) of the main text for the Lorentz force. A derivation
of this force in terms of Bµν using perturbation theory can be found in [12].
4.2.2 Sources of degeneracy as magnetic monopoles
Finally, we make the analogy between degeneracies and magnetic monopoles concrete. If we consider a closed 2D
surface manifold S which bounds a 3D manifold in parameter space that possibly contains two-fold degeneracies,
we can straightforwardly derive the interpretation of Ch as the number of source “magnetic monopole” singularities
enclosed by the ground state manifold. Note that we can assume in a 3D space that degeneracies will occur at isolated
points [13], and are therefore the magnetic monopoles that we seek. When only two energy levels E0 and E1 are
involved in a two-fold degeneracy, we only need to consider one term from the sum (18) and can restrict ourselves
to the relevant two-level subspace. It can be shown that Ch is invariant under manifold perturbations as long as
those perturbations don’t cause a degeneracy to cross S, so to extract the contribution to Ch from a single enclosed
degeneracy at R0 we are free to shrink the manifold down to a small sphere centered around R0 [so that only the
(E1−E0)2 term contributes] and shift the origin of our coordinates to R0. With an appropriate rescaling of parameter
space coordinates, following [7] we can then write a general hermitian two-level Hamiltonian as
H =
(
Z X − iY
X + iY −Z
)
, (19)
where X, Y , and Z are the rescaled coordinates in the Pauli basis, i.e., R = (X,Y, Z) (the exact nature of this
scaling is unimportant). In terms of this parametrization the energies are E1/0 = ±
√
X2 + Y 2 + Z2 = ±R, so that
the degeneracy is at the origin. We can immediately suspect that this leads to a monopole distribution for B because
1/(E1 − E0)2 ∝ 1/R2. The precise calculation is dealt with in Berry’s original paper [7] using basic Pauli matrix
algebra, resulting in the ground state Berry curvature field for a two-fold degeneracy at the origin,
B = − R
2R3
. (20)
We note that this is the same answer obtained for the Berry field for the specific case of a spin- 12 particle subjected to a
physical magnetic field [8, 14]. This is (up to a sign) the same expression for the magnetic field generated by a magnetic
monopole of magnetic charge 1/2, and therefore by Gauss’s law leads to a contribution to Ch of (4pi)/(2pi)× 1/2 = 1,
as we claimed. Gauss’s law then immediately yields for our experiment
Ch = Qencm . (21)
4.3 Choice of coordinate system
Here we clarify the choice of coordinate system used throughout the main work. There is some ambiguity in how
we define the Berry connection in spherical coordinates. One way is to close our eyes and pretend that we don’t
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know that θ and φ are spherical angles, instead simply treating them as Euclidean parameters. We will call this the
“Cartesian” choice, which gives for example the φ-component
ACφ = i 〈ψ0|∂φ|ψ0〉 . (22)
Alternatively, we could explicitly take into account the non-Euclidean metric associated with spherical coordinates,
using ∇f = ∂f∂r rˆ + 1r ∂f∂θ θˆ + 1r sin θ ∂f∂φ φˆ [15] to yield the “spherical” definition
ASφ = i
1
r sin θ
〈ψ0|∂φ|ψ0〉 =
ACφ
r sin θ
. (23)
This difference may have confused the reader. Below, we will show that either method works, and both of them can
be used to arrive at Eq. (4) of the main text.
4.3.1 Cartesian coordinates
This is arguably the simpler method, though it is a bit harder to justify. As above, for the ground state manifold
we define for φ or θ
ACφ/θ ≡ i
〈
ψ0
∣∣∂φ/θ∣∣ψ0〉 . (24)
Since we are integrating over a spherical surface (r fixed), we will not need to take any derivatives with respect to r.
In these pseudo-Cartesian coordinates then, the non-trivial component of the Berry curvature is
BCθφ ≡ ∂θACφ − ∂φACθ . (25)
We can then perform the surface integral by noting that, in Cartesian coordinates, the surface element is just dS =
dθdφ, so that for a spherical manifold
Ch = 1
2pi
∫
B · dS = 1
2pi
∫ 2pi
0
dφ
∫ pi
0
dθBCθφ , (26)
which is the expression we expected.
4.3.2 Spherical coordinates
If we take the spherical version of the gradient, then the φ and θ components are
ASφ = i
1
r sin θ
〈ψ0|∂φ|ψ0〉 =
ACφ
r sin θ
,
ASθ = i
1
r
〈ψ0|∂θ|ψ0〉 = A
C
θ
r
. (27)
The Berry curvature vector is given by BS = ∇×AS , which in general is a complicated expression. However, for our
spherical surface of integration, the Chern integral is given by
Ch = 1
2pi
∫
B · dS = 1
2pi
∫
BSr dSr , (28)
since the surface element is strictly radial:
dS = rˆdSr = rˆ(r
2 sin θdθdφ) , (29)
where we have used the standard form of a spherical surface element. Taking the curl in spherical coordinates, the
radial component of BS is
BSr =
1
r sin θ
[
∂θ(sin θA
S
φ)− ∂φASθ
]
=
1
r2 sin θ
[
∂θA
C
φ − ∂φACθ
]
=
BCθφ
r2 sin θ
. (30)
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Plugging Eqs. (29) and (30) into (28), we again get the Cartesian expression for Ch (26).
Finally, we note that for our case, the Hamiltonian is cylindrically invariant: we can get the Hamiltonian at arbitrary
φ from the Hamiltonian at φ = 0 by just rotating the spins by an angle φ around the z-axis. Accordingly, the Berry
curvature must be cylindrically symmetric, meaning that Bθφ(θ, φ) = Bθφ(θ) is independent of φ. Therefore, if we
plug into the expression for the Chern number, we find
Ch = 1
2pi
∫ 2pi
0
dφ︸ ︷︷ ︸
=1
∫ pi
0
dθBθφ(θ) =
∫ pi
0
Bθφ(θ)dθ . (31)
We now show how the equation (4) of the main text was derived. Starting with the Hamiltonian of a single qubit
or equivalently spin-1/2 particle in a magnetic field:
HS = −~
2
(HXσ
x +HY σ
y +HZσ
z), (32)
and re-parameterizing it for spherical coordinates, it becomes
HS(Hr, θ, φ) = −~
2
Hr(sin θ cosφσ
x + sin θ sinφσy + cos θ σz). (33)
Therefore,
Fφ = −〈∂φH(φ = 0)〉 = ~
2
Hr sin θ 〈σy〉. (34)
Using equation (2) of the main text,
~Bθφdθ =
~
2
Hr sin θ 〈σy〉dt, (35)
which is used in the main text in computing Ch from the measured values of Hr and 〈σy〉.
5. MAPPING THE TWO-QUBIT HAMILTONIAN TO ELECTRONIC BAND STRUCTURE
As in the main text, we consider the two-qubit Hamiltonian
H = −~
2
[
H0σ
z
1 +Hrnˆ(θ, φ) · (σ1 + σ2)− g(σx1σx2 + σy1σy2 )
]
(36)
for fixed H0, Hr, and g. For this section we assume ~ = 1. At a given value of θ and φ, this Hamiltonian is a
4 × 4 matrix; a general N -qubit Hamiltonian would similarly be 2N × 2N . To help understand the topology of this
Hamiltonian, we wish to map it to a more conventional electronic Hamiltonian, as we did in mapping the single qubit
to the Haldane model of graphene. In this supplement, we show that (36) can be mapped to either a four-band
model of non-interacting electrons in the spirit of the Haldane mapping or a four-band interacting electron model
with interactions that are short-range in momentum space. Finally, we comment on the extension of these mappings
to higher numbers of qubits.
For both non-interacting and interacting electron mapping, we again utilize the idea that a given angle (θ, φ)
of the rotating field Hr corresponds to a point in momentum space (see the single qubit Haldane supplement):
k = (kx, ky) ↔ (θ, φ). Then the simple idea which worked for mapping the single qubit to the Haldane model is to
“fermionize” the spin:
σαj →
∑
ss′
c†jsσ
α
ss′cjs′ , (37)
where α = x, y, z, j = 1, 2 specifies the qubit, and s, s′ = {↑, ↓} iterate through the spin states. For example, this
mapping gives σx1 → c†1↑c1↓ + c†1↓c1↑. Performing these replacements we get
14
Figure S3. Illustration of the four-band non-interacting lattice model to which we map our two-qubit model. (a) The model
consists of three stacked triangular lattices (A, B, and C), the middle of which (B) contains two spin/orbital states. In addition
to nearest neighbor hopping (t1) and on-site hybridization the B sublattice (t2), electrons on the A and C sublattices experience
magnetic field that adds phase to the hopping (t2eiϕ). Finally, an effective Zeeman field splits the spin/orbital states on all
sublattices. (b) to (e) Energy dispersions for this model along a cut containing the K and K′ corners of the first Brillouin zone.
We fix energy by setting t1 = 1. At the K and K′ points, the sublattices decouple; we label the sublattice that is occupied in
the ground state at these points. Ch then counts the number of times the wavefunction “twists” between the sublattices.
H(k) = (Hr cos θk +H0)[(ck1↑)†ck1↑ − (ck1↓)†ck1↓︸ ︷︷ ︸
σz1
] +Hr cos θk[(c
k
2↑)
†ck2↑ − (ck2↓)†ck2↓︸ ︷︷ ︸
σz2
] +
Hr sin θk cosφk[(c
k
1↑)
†ck1↓ + (c
k
1↓)
†ck1↑︸ ︷︷ ︸
σx1
+(1→ 2)] +
Hr sin θk sinφk[−i(ck1↑)†ck1↓ + i(ck1↓)†ck1↑︸ ︷︷ ︸
σy1
+(1→ 2)] +
g
2
[(ck1↑)
†ck1↓(c
k
2↓)
†ck2↑ + (↑↔↓)] . (38)
The last term of this Hamiltonian contains a four-fermion operator, so this is an interacting fermionic Hamiltonian
with four flavors of fermion (c1↑, c1↓, c2↑, c2↓). To maintain one spin per qubit, we want the many-body ground state
at half-filling and without double occupancy on “site” j = 1, 2. However, the interaction remains short-range in
momentum space, meaning the electronic Hamiltonian is still separable into momentum sectors: H =
∑
kHk. Such
models are similar to the mean-field BCS Hamiltonian [16], in this case with the additional wrinkle of being local in
momentum space. momentum space.
While this first mapping is true to the interacting nature of the qubit, it gives little physical insight into the
topological transition. To try to understand this better, we now discuss how the same system can be mapped to
a four-band Haldane-like model of non-interacting electrons. Unlike the interacting case, we present a microsopic
model that will realize this topology. The model is shown schematically in Fig. S3a . The basic idea is to consider
electrons hopping on stacked triangular lattices with a single internal degree of freedom (spin/orbital/etc.) that can
take one of two values, which we denote ↑ and ↓. The middle layer of the stack, which we call B, supports both ↑ and
↓ states, while the upper (lower) layer supports only ↑ (↓). This could be realized, for example, by a lattice where
the middle layer has two orbital states (e.g. px and py orbitals), while the outer layers have only one orbital state
(e.g. s orbitals). We assume there is a magnetic field gradient as in Fig. S3a, which gives zero field layer B and yields
opposite magnetic field at A and C. We then consider four quadratic terms in the Hamiltonian:
1. Nearest neighbor hopping t1, which connects the B sublattice to the A and C sublattices. The matrix element is
assumed to be equal for spin up hopping to either up or down, which make senses for orbital degrees of freedom
or if ↑ and ↓ represent real spins, but with different quantization axes on A/C than on B.
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2. Second neighbor hopping on the A and C sublattices, which picks up a phase due to the magnetic flux. For
simplicity, we consider a flux of Φ = 3Φ0/4 = −Φ0/4 per plaquette, where Φ0 = h/e is the quantum of flux; this
gives phase ϕ = pi/2 on the hopping, removing a diagonal shift in the energy bands of the A and C sublattices
(see [5]).
3. On-site hybridization t3 between the effective spin states on the B sublattice.
4. An effective Zeeman shift hzsz, where sz is the internal spin/orbital degree of freedom.
Let us examine these terms in the language of the Haldane Hamiltonian. First note that the A and B (or equivalently
C and B) sublattices have the exact structure as the sublattices of monolayer graphene. Therefore, the first Brillouin
zone of this non-interacting electron model is equivalent to that of graphene, and we can naturally expand the
Hamiltonian in small deviations of the momenta around the non-identical zone corners K and K ′ (see [cite Haldane
supplement]). There are four states in each unit cell: B ↑, B ↓, A ↑, and C ↓. The nearest neighbor hopping t1
is the only term that connects the sublattices, so it is responsible for producing a graphene-like dispersion relation.
However, to get the Chern number of 2, this is slightly different from the Haldane model of graphene. To see this,
consider quantizing the spins along the x-axis. It is easy to see that the state |↑x〉 = 1√2 (|↑z〉+ |↓z〉 hops freely and will
give the dispersion of a graphene lattice with hopping amplitude 2t1. However, a state with spin |↓x〉 = 1√2 (|↑z〉− |↓z〉
is annihilated by this hopping term, so in addition to the graphene dispersion, there are two flat bands at energy zero
if only the t1 term is considered (see Fig. S3(b)).
The remaining terms then determine the topology by breaking the degeneracies at momentaK andK ′. For instance,
the t2eiϕ hopping only occurs on the A and C sublattices, so at the K and K ′ points (where the t1 hopping vanishes),
the electrons only live on the A or the C sublattice. As the momentum is varied from K (θ = 0) to K ′ (θ = pi),
the electronic ground state winds from sublattice A to C, which results in Ch = 2 (see Fig. S3(c)). This is precisely
the action of the probe field, so we see that t2 ∼ Hr. Similarly, the t3 term hybridizes the orbitals on the B lattice,
causing the energy of the symmetric state on the B lattice to go down. For strong enough t3, this can push the energy
of the symmetric state on B lattice below the A and C energies throughout the Brillouin zone, resulting in Chern
number zero (i.e., no wrapping of wave function, see Fig. S3(d)). This is the same role as the qubit interactions, so
not surprisingly t3 ∼ g. Finally, if we again consider t3 = 0, then a large positive Zeeman field hz will push the energy
of the spin down state below that of the spin up. In the presence of t2 hopping, this gives a ground state winding
from the A sublattice to the B sublattice as momentum goes from K to K ′ (Fig. S3(e)), yielding Chern number one.
Not surprisingly, this gives that hz ∼ H0.
More explicitly, the Hamiltonian described above can be written
H =
∑
r
[− t1∑
j
(c†r↑ + c
†
r↑)(cr+aj↓ + c
†
r+aj↓)− t2
∑
j
(
A sublattice︷ ︸︸ ︷
eiϕc†r↑cr+bj↑+
C sublattice︷ ︸︸ ︷
e−iϕc†r↓cr+bj↓) +
t3
2
(c†r+a1↑cr+a1↓ + (↑↔↓))−
hz
2
(c†r↑cr↑ + c
†
r+a1↑cr+a1↑ − (↑→↓))
]
+ h.c. , (39)
where r are the sites on the A/C sublattice, aj are the nearest neighbor displacements, and (following Haldane’s
convention), bj are the next-nearest-neighbor displacements along directions with positive hopping phase on the A
sublattice. Diagonalizing with phase ϕ = pi/2, this gives Bloch Hamiltonian
Hk =

−2t2
∑
j sin(k · bj)− hz −2t1
∑
j cos(k · aj) −2t1
∑
j cos(k · aj) 0
−2t1
∑
j cos(k · aj) −hz t3 −2t1
∑
j cos(k · aj)
−2t1
∑
j cos(k · aj) t3 hz −2t1
∑
j cos(k · aj)
0 −2t1
∑
j cos(k · aj) −2t1
∑
j cos(k · aj) 2t2
∑
j sin(k · bj) + hz
 , (40)
where the columns denote A↑, B↑, B↓, and C↓ in that order. For comparison, the two-qubit Hamiltonian in the basis
↑↑, ↑↓, ↓↑, ↓↓
H2Q = 1
2

−2Hr cos θ −H0 −2Hr sin θ −2Hr sin θ 0
−2Hr sin θ −H0 −2g −2Hr sin θ
−2Hr sin θ −2g H0 −2Hr sin θ
0 −2Hr sin θ −2Hr sin θ 2Hr +H0
 . (41)
By inspecting these two Hamiltonians, we see that they map to each other under the identification
k↔ (θ, φ) , 3t2
√
3 = Hr , −t3 = g , 2hz = H0 , (42)
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where we used the fact that
∑
j sin(k · bj) = ±3
√
3/2 at the corners of the first Brillouin zone. Therefore, the
topology of the ground band of this four-band electronic model is equivalent to that of the two-qubit system that we
experimentally investigate.
It is clear from the above discussion that a system of L qubits with 2L eigen states would map to a non-interacting
model with 2L bands. While 2 or 4 band models are not so crazy, an eight band model with only a singled filled band
– as would be needed for L = 3 qubits – is starting to get physically less realistic. Clearly the scaling of the number
of bands with the number of qubits is such that these non-interacting Haldane-like models will become exponentially
more difficult to engineer as the system becomes larger. Working instead with the interacting model helps quite a
bit; simple counting requires only 2L flavors of fermion (spin up and down for each qubit) at half-filling and with no
double-occupancy. However, this model has no obvious microscopic interpretation, so for the time being we consider
it less physical. Therefore, we conclude that as the qubit number is increased (and restricted to the above mapping
methods), it becomes increasingly unworkable to think of the system in terms of electrons on a lattice. For large spin
lattices, we really should think of our measurement as simply probing the topology of the spin manifold, a problem
which is interesting in and of itself. It is also worth pointing out that the two mapping we have described about
only work for our choice of parameter manifolds, namely fixed external field strength with a rotating angle applied
equally to each qubit. By using different choices of manifold, even within the same two-qubit system, we can engineer
different effective condensed matter models, demonstrating the flexibility of these two-qubit systems.
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Figure S4. Control sequence used for the single qubit experiments. (a) The pulse sequence used to obtain the phase
diagram shown in Fig. 3(a) of the main text. Every control sequence began with preparing the qubit in its ground state,
which was achieved by waiting for times much longer than the qubit relaxation time (a few tens of microseconds). In the phase
diagram measurements, 〈σy〉 was measured at 50 time steps during the ramps, where the first data point was measured at
t = 0 and the last one at t = Tf = 1000 ns. To measure each data point the sequence was repeated 300 times. This 50-point
〈σy〉 profile as a function of time from 0 to Tf was then multiplied by a sine profile (see equation (4) in the main text) and
integrated to give Ch. 〈σy〉 was measured by inserting a RX(pi/2) pulse before the 〈σz〉 measurement. The microwave pulse
with a sine profile and detuning pulse with a cosine profile constitute a semi-circular ramp in the parameter space, and given
the symmetry of the single-qubit Hamiltonian, this is sufficient to calculate the curvature over the entire spherical manifold.
(b) Control sequence for adiabatic state preparation and measurement. In contrast to the dynamic method (equation (4) of the
main text), in the adiabatic state preparation process, the qubit needs to remain close to the instantaneous eigenstate of the
system during the ramp. To evolve to the ground state of the Hamiltonian with parameters (HX , HY , HZ), we start from the
origin of parameter space, where all pulses are zero, and gradually turn (HX , HY , HZ) to their final values in 500 ns. The pulses
then remain at their target values for 500 ns (hence TA = 1000ns). Over this fixed pulse regions at 100 points (distributed
uniformly from 500 ns to 1000 ns) the state of the qubit was measured with tomography and the results are averaged to present
a single Bloch vector data corresponding to given (HX , HY , HZ) values. To visualize the ground states over the entire spherical
manifold S, the process was repeated for different values of (HX , HY , HZ) to form a grid over this parameter space sphere.
6. EXPERIMENTAL PROTOCOLS, CALIBRATION, AND ANALYSIS
Here we provide the outline of the experiment and its basic protocols. The first step is the calibration of the
pulses so we know HX/2pi and HZ/2pi with good accuracy. An important aspect of calibration is also finding the
compensating pulse such that when we only HX/2pi, the state of the qubit remains in the YZ plane. The details
of these steps are explained in Fig. S5. Next, one needs to find a proper ramp speeds to be sure the higher order
errors in equation 2 of main text remain small; another words, how much non-adiabatic a ramp can be and still yield
a good result. This is shown in figure 6, where we explored the three parameters that set the non-adiabaticity of a
ramp: HX/2pi, HZ/2pi, and Tf . After finding that one needs to set all the ramps such that the adiabaticity measure
A remains acceptable. After finding proper ramp speeds and calibrations, one can do the single qubit experiment,
which involves applying HX/2pi with sine envelope and HZ/2pi with a cosine profile, as discussed in Fig. S4. The two
qubit experiment requires additional calibrations to what is mentioned in here and is discussed in [2].
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Figure S5. Pulse Calibration. Single qubit microwave and detuning pulses were calibrated separately before applying them
simultaneously to the qubits. (a) To calibrate the microwave pulse, the qubit was prepared in its groundstate | + zˆ〉 and a
microwave pulse with a sine envelope of amplitude Hr was applied to the qubit. The state of the qubit (the Bloch vector) was
measured at each point in time by interrupting the ramp and performing full state tomography. As shown in panel (a), for
instance, to measure 〈σy〉, a rotation of pi/2 around the X axis was performed before the 〈σz〉 measurement. This pulse results
in a cyclic motion of the Bloch vector in the Y-Z plane, with a non-zero out of plane component. The out of plane component
is mainly due to leakage to other states due to finite inharmonicity of the qubit system. Therefore, the measured out of plane
component (〈σx〉, orange points in panel (c) ) needs to be calibrated, which was done by adding a compensating microwave
pulse on the Y-axis, with a variable amplitude during the pulse sequence such that it keeps 〈σx〉 close to zero. A typical result
before and after calibration is shown in (c). Fitting the 〈σz〉 and 〈σy〉 with a single fitting parameter can be done using the
Schrödinger equation. The resulting value in this case is Hr/2pi = 44.5 MHz. The dark blue and green solid lines are the result
of the fitting. During the calibration since full state tomography was performed, we normalized the measured values of 〈σx〉,
〈σy〉, 〈σz〉 such that 〈σx〉2 + 〈σy〉2 + 〈σz〉2 = 1. The detuning pulse was applied and measured similarly. This was done by
bringing the qubit to the equator of the Bloch sphere with a pi/2-pulse first, and then applying the detuning in the absence of
microwave pulse, and fitting the result with the Schrödinger equation. There was no compensation pulse to be considered in
this case.
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Figure S6. Adiabaticity required to measure Ch. Although equation (2) of the main text does not require adiabaticity,
it does require the ramp in parameter space to be done slowly, such that O(v2θ) remains negligible. One needs to operate with
ramp velocities for which deviation from adiabaticity varies linearly with the ramp speed. Slower ramps are more adiabatic and
hence better in this regard, but they have a small deviation from adiabaticity, which would be hard to measure experimentally.
On the other hand, ramps that are too fast also contain non-adiabatic errors that are not linearly proportional to ramp speed,
and hence should be avoided. In this figure, the top row shows the experimental results of measuring Ch by making various
elliptical ramps and traversing them with different velocities. A microwave pulse of X(t) = HX sin(pit/Tf ) and detuning of
Z(t) = HZ cos(pit/Tf ) are used, with HX/2pi and HZ/2pi varied from 0 to 10 MHz. Five different speeds are used, which are
set by Tf , where Tf is the time it takes to ramp from the north pole of the manifold to its south pole. The lower row shows the
numerical results using the same ramps, obtained from the time dependent Schrödinger equation. In this example, we seek to
measure Ch over a manifold of ground states that encloses the origin of the parameter space. The theoretical value of Ch in this
case is 1 [8]. From left to right, as Tf becomes longer, the ramps are more adiabatic and the measured value for Ch approaches
one. In each panel, moving from lower left to upper right, adiabaticity increases, since A = TfHr/2pi = Tf
√
HX
2 +HZ
2/2pi.
For Tf = 400 ns or longer, a good estimate of Ch can be achieved, as almost the entire plot is red, regardless of the shape of
the manifold. The method yields a good estimate of Ch for A > 1.5. To provide a visual guide, the deformation of the spherical
manifolds to ellipsoids, by keeping HX fixed and increasing HZ (horizontal axis below figure), and by keeping HZ fixed and
increasing HX (vertical axis left of figure) are shown.
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Figure S7. Control sequence used for the 2-qubit experiments. (a) The pulse sequence used on individual qubits
and the coupler elements are shown. The microwave pulse applied to each qubit had a sine envelope. The detuning of Q2
has a cosine profile, and the detuning of Q1 has a cosine profile plus an offset defining H0. With a rectangular pulse, the
coupling between the two qubits is turned on during the active part of other pulses. The synchronization of the pulses as well
as finding the flux value corresponding to g = 0 were done [2] prior to running the sequence. In addition, a calibration matrix
to take various types of crosstalk into account was measured and implemented. This included both microwave and flux-biasing
crosstalk [2]. Using equation (4) of the main text, the Ch for 2-qubit manifolds is the summation of individual ones. Therefore,
each pulse sequence was run twice, once to measure 〈σy1 〉 and again to measure 〈σy2 〉 and the results were added to give the
phase diagram plots shown in the Fig. 4 of the main text.
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Figure S8. "Decomposition" of the topological phase diagram obtained with 2 qubits. To demonstrate the
fluctuation at each Ch plateau and avoid obscuring it with the color map, here we replot the topological phase diagram shown
in Fig. 4(c) of the main text (Hr/2pi = 10MHz). Each panel shows the data in a given interval of Ch values. The same order
of color tones is used in each panel, but the limits of the color scale for each panel is different. The black dashed lies are the
fit using the analytical solution based on finding the loci of the monopoles(degeneracies of the Hamiltonian in this case). The
deviations from the expected values have several sources: the crosstalk between the two qubits is likely the primary source,
as the individual qubits were calibrated accurately. While the pulse length Tf was kept an order of magnitude smaller than
the decoherence time in the system, decoherence and measurement errors also contribute to the error. Understanding these
error mechanism is currently under way. The sharpness of the transition from one Ch plateau to another is mainly related
to the speed of the ramps. Slower ramping in parameter space (longer Tf ) would result is sharper transitions. In order to
successfully use slower ramps longer coherence times are required, which based on our current understanding of decoherence
mechanisms gathered from this first generation of gmon devices, is achievable and will be implemented in the next generation
of this experiment.
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